Abstract. We use the method of characteristics to prove the short-time existence of smooth solutions of the unsteady inviscid Prandtl equations, and present a simple explicit solution that forms a singularity in finite time. We give numerical and asymptotic solutions which indicate that this singularity persists for nonmonotone solutions of the the viscous Prandtl equations. We also solve the linearization of the inviscid Prandtl equations about a shear flow. We show that the resulting problem is weakly, but not strongly, well-posed, and that it has an unstable continuous spectrum when the shear flow has a critical point, in contrast with the behavior of the linearized Euler equations.
Introduction
The unsteady, two-dimensional Prandtl equations for the flow in an incompressible boundary layer are Here, −∞ < x < ∞ and y > 0, u(x, y, t) and v(x, y, t) are the x and y velocity components, respectively, u 0 (x, y) is given initial data, and u ∞ (x, t) is a given external flow. The pressure p ∞ (x, t) is related to u ∞ (x, t) by
It is remarkable that despite the importance and apparent simplicity of the unsteady Prandtl equations, very few rigorous results are known about them. For example, even the local existence of solutions with general smooth initial data remains an open question. One of the few known existence results is due to Oleinik [22] , who proved that if the initial data satisfies the monotonicity condition u 0y > 0, then there is a unique local (either in space x or time t) smooth solution. Under the same monotonicity condition, Xin and Zhang [32] have recently proved that there is a global weak solution, and they conjecture that this global weak solution is in fact smooth. Sammartino and Caflisch [26] used a Cauchy-Kowalewski argument to prove local existence without a monotonicity assumption, but with the very strong condition of analytic data. See [3] , [6] , [13] , [23] for recent reviews of the Prandtl equations.
Smooth solutions of (1.1) do not, in general, exist globally in time. The formation of singularities was observed in numerical solutions of (1.1) by van Dommelen and Shen [10] for data corresponding to an impulsively started flow past a cylinder. A proof of the finite-time break down of smooth solutions of (1.1) with u ∞ = p ∞ = 0 for suitable initial data was given by E and Engquist [12] .
The mathematical pathologies of the Prandtl equations, such as a possible illposedness or lack of strong well-posedness and the formation of singularities, reflect their well-known physical difficulties, including the inability to model boundary layer separation and upstream influence. These defects may be remedied in part by the use of triple-deck theories (see [28] , [29] for introductions and further references). Nevertheless, in view of the fundamental nature of the Prandtl equations themselves, it is important to develop a complete understanding of their properties.
In particular, the lack of an adequate theory for the Prandtl equations makes it difficult to prove rigorously that the Prandtl boundary layer theory can be used to approximate the Navier-Stokes equations in the high Reynold's number limit under suitable assumptions (such as laminar flow and the absence of Rayleigh instabilities) even when boundary layer separation does not occur. The only case in which a proof is available is that of analytic data [27] . Although the use of laminar boundary layer theory is somewhat paradoxical, since boundary layer theory applies in a high Reynolds number limit when most rotational flows are turbulent [6] , the rigorous justification of boundary layer theory remains a basic unresolved question in mathematical fluid mechanics.
One of the goals of this paper is to gain insight into some of the difficulties inherent in the Prandtl equations by a careful study of the inviscid Prandtl equations. As observed by van Dommelen [9] , we can solve the inviscid Prandtl equations by the method of characteristics, and this enables us to obtain a great deal of explicit information about their solutions. In order to focus on the essential phenomena with a minimum of complications, we restrict attention to the pressureless Prandtl equations throughout most of this paper.
In Section 2, we show that there is a unique local smooth solution of the inviscid Prandtl equations for general smooth initial data. We also show that this solution is global for monotone initial data that is constant on the boundary. In the case of nonmonotone data, the local solution is, in general, less smooth in x than the initial data. This loss of smoothness in the inviscid Prandtl equations makes it difficult to analyze the corresponding viscous equations. Nevertheless, it would be surprising if the introduction of viscosity were to destroy local existence for nonmonotone data.
In Section 3, we present a simple, explicit family of solutions of the inviscid Prandtl equations that develop singularities in finite time. These solutions provide a clear illustration of the mechanism of singularity formation, and the nature of the resulting singularities. We show that after singularities form there is a similar phenomenon to the singular delta-shocks that arise in hyperbolic conservation laws. In Section 4, we give numerical and asymptotic results which indicate that similar inviscid-type singularities form in nonmonotone solutions of the viscous Prandtl equations.
One approach to understanding the continuous dependence of solutions of the Prandtl equations on their initial data is to consider the linearization of the Prandtl equations about various solutions. Here, it is also useful to begin by studying the inviscid equations. The simplest nontrivial solution is that of a shear flow. In Section 5, we study the linearization of the inviscid Prandtl equations about a shear flow, and solve it explicitly. We show that the linearized equations are weakly, but not strongly, well-posed, owing to a loss of x-derivatives.
In Section 6, we use this solution to show that the linearization of the Prandtl equations about a shear flow has an unstable continuous spectrum when the shear profile has a critical point, but does not have an unstable point spectrum. This is in contrast with the linearization of the Euler equations about a shear flow, which may have an unstable point spectrum when the shear profile has an inflection point [11] , but whose continuous spectrum is always stable (see [4] , [8] , [14] , [25] , [31] ). We also present numerical solutions of the inviscid and viscous Prandtl equations with initial data corresponding to a perturbed shear flow. These solutions agree well with the linearized analysis.
It is easy to understand why the linearized Euler equations can have an unstable point spectrum although the linearized inviscid Prandtl equations do not: the unstable eigenfunctions of the linearized Euler equations depend on lengthscales that are of the same order of magnitude in the x and y directions, so they do not satisfy the scaling assumptions that lead to the inviscid Prandtl equations, and they are lost in the Prandtl limit. If such unstable modes are present, then one cannot expect the Prandtl equations to provide a good approximation of the corresponding Euler or NavierStokes equations, even though there may be no sign of singularities or instabilities in the Prandtl solutions, because the growth of the unstable modes due to a Rayleigh instability may lead to a rapid divergence of the Euler or Navier-Stokes solutions from the Prandtl solutions (see [6] for further discussion, [16] for an instability theorem, and [2] for numerical results). The qualitatively different behavior of the continuous spectra of the linearized Euler and inviscid Prandtl equations is more puzzling, and we do not have a good explanation for it.
Existence for the inviscid Prandtl equations
We consider the unsteady, inviscid Prandtl equations with zero pressure:
In the inviscid case, we do not impose boundary conditions on u at y = 0 or y = +∞. Solutions of (2.1)-(2.4) provide formal asymptotic approximations to solutions of the incompressible Euler equations that satisfy the usual boundary layer scalings, in which the x-velocity component is O(1), the y-velocity component is O( ), the lengthscale of variations in x is O (1) , and the lengthscale of variations in y is O( ), where 1. For work on related inviscid equations (the "homogeneous hydrostatic" equations), see [1] , [15] .
Van Dommelen [9] observed that the inviscid Prandtl equations can be solved exactly by the method of characteristics. We use this fact to prove the following local existence result, not given in [9] . The main point of this result is that no monotonicity condition is required on the initial data in order to obtain local existence. Proposition 2.1. Let u 0 (x, y) be smooth initial data such that
Then there exists a unique smooth solution of (2.1)- (2.4) 6) where ξ(x, Y, t) and η(x, y, t) are the solutions of
Proof. First suppose that (u, v) is a smooth solution. We introduce characteristic coordinates X, Y , where x = x(X, Y, t), y = y(X, Y, t) satisfy
It follows from (2.1) and (2.4) that
Hence, from (2.9),
Since
, where ξ is defined by (2.7).
The incompressibility condition (2.2) implies that the Jacobian of the transformation between spatial and characteristic coordinates is constant, so
Using (2.12) in this equation, we get
The characteristics of this equation are x = constant, or X = ξ(x, Y, t). Moreover, since v = 0 when y = 0, the boundary y = 0 is a particle path, so y = 0 when Y = 0. Integrating (2.13) along characteristics, we get
Differentiation of y with respect to t, with (X, Y ) held fixed, gives (2.6). Thus, any smooth solution is of the form stated. Conversely, suppose 0 ≤ t < t * . Then, since It is clear from (2.8) that there may be a loss of x-derivatives in the inviscid solution. As an explicit example, one can use the method of characteristics to compute the solution of (2.1)-(2.4) for the initial data
There is a jump discontinuity in u 0xx at x = 0, and a loss of strict monotonicity on the boundary, since u 0y = 0 when y = 0. We will not write out the complete solution here, but one can show that for t > 0
where the smooth function u is given by
Thus, although u 0 ∈ C 1,1 , we only have u ∈ C 1,1/2 for t > 0. We investigate this loss of smoothness further in the context of the linearized Prandtl equations in Section (5).
For monotone initial data, we may also solve the inviscid equations by use of the Crocco transformation.
15)
and
Then there exists a unique smooth solution of (2.1)-(2.4) in
Proof. If u 0y > 0, then the Crocco transformation,
reduces the inviscid Prandtl equations to the advection equation
The solution is
where
This solution provides an ODE in y for u,
which has a global solution in y for any given boundary data
if the right-hand side is a globally Lipschitz function of u. Using (2.16), we compute that
Thus, the conditions in (2.15) are sufficient to ensure that 
This IVP has a smooth solution in 0 ≤ t < t * , and hence there is a unique smooth solution of the inviscid Prandtl equations in the same time interval.
In particular, if u 0 (x, 0) = constant, then u b is identically constant, and this solution is a global smooth solution. On the other hand, if u 0x (x, 0) < 0 at some point, then u x blows up on the boundary in finite time.
Singularity formation in the inviscid Prandtl equations
A global smooth solution of the inviscid Prandtl equations does not exist for general initial data, and a singularity may form in finite time. Physically, the singularity is caused by the compression of the fluid in the x-direction by nonlinear advection. When the fluid is bounded by a wall at y = 0, this generates a jet in the y-direction. In the Euler equations, this compression creates a pressure gradient in the y-direction which opposes the compression of the fluid. In the Prandtl equations, the pressure gradient in the y-direction is zero, and there is no force to prevent the compression of fluid elements to zero length in x.
The next proposition gives a simple, exact "wavy shear flow" solution of the inviscid Prandtl equations that provides a clear illustration of the formation of a singularity.
Proposition 3.1. Let U (y) and β 0 (x) be smooth functions. The solution of the inviscid Prandtl equations (2.1)-(2.4) with the initial data
is given by
where β(x, t) is the solution of
then u x and v blow up as t ↑ t * .
Proof. It is straightforward to check that (3.2)-(3.3) satisfies (2.1)-(2.2) for any smooth functions U (y) and β(x, t). Imposing the boundary condition (2.3) on (3.3), we obtain (3.4). Moreover, (3.2) satisfies the initial condition (2.4), (3.1) when β satisfies (3.5). The derivative β x of the solution of (3.4)-(3.5) blows up at time t * , and then u x and v also blow up.
We may also obtain this solution from the general solution given in the previous proposition. According to the method of characteristics, the solution is
.
We make the change of variable
in the integral for y, and find that
t), and u = U (y + β(x, t)), in agreement with (3.2).
Once singularities form, the inviscid Prandtl equations presumably no longer provide asymptotic approximations of the Euler equations, whose solutions remain smooth in two space dimensions. Nevertheless, we may ask the question whether or not it is possible to extend smooth solutions of the inviscid Prandtl equations by suitably defined weak solutions after they form singularities.
One way to extend the solution given in Proposition (3.1) past the blow-up time is to rewrite (3.4) in the conservation form,
where F y (y) = U (y) (so that F is the streamfunction associated with the shear flow U ), choose β to be a weak solution of (3.7), and define u, v by (3.2)-(3.3). However, some care is required to interpret the resulting functions as weak solutions of the Prandtl equations. If we write (2.1) in the conservation form
then, once β becomes discontinuous, the y-flux uv is formally a product of a stepfunction and a delta-distribution, so it is not defined in the usual distributional sense. This is similar to what happens for singular delta-shocks in conservation laws, such as those for a pressureless gas; see [18] , [30] . Moreover, it is not clear what admissibility criterion should be used to select weak solutions of (3.7). In This solution corresponds to a linear profile U (y) = y, and according to the exact solution β(x, t) satisfies the inviscid Burgers equation
with breaking time t * = 1/(2π) ≈ 0.16.
In the numerical computations, we introduce a finite domain 0 ≤ x ≤ 1, 0 ≤ y ≤ 2, with periodic boundary conditions in x, and use a uniform grid. We rewrite the inviscid Prandtl equations in conservation form (3.8) , and discretize the resulting PDE explicitly in time. To obtain a numerical x-flux for u 2 , we use a flux-limited method, with an Engquist-Osher flux as a first-order flux, a Lax-Wendroff flux as a second order flux, and a min-mod flux limiter. We use a Lax-Wendroff flux for the y-flux uv, and compute v from u by integration of (2.2), discretized using central differences. More details about the numerical scheme are given in [17] .
We see the development of an apparent numerical δ-function singularity in v(x, y, t) at x ≈ 0.50 and t ≈ 0.16, corresponding to a "jet" of fluid going off to y = +∞, in agreement with the analytical solution. After the singularity forms, the numerical solution for u contains a stationary "shock," and the numerical solution for v contains a stationary spike.
Singularity formation in the viscous Prandtl equations
In this section, we first present a generalization of the singular solution of the inviscid Prandtl equations that satisfies the viscous Prandtl equations. This solution satisfies the no-flow boundary condition at y = 0, but does not satisfy the no-slip condition. When the viscosity is small, we use the method of matched asymptotic expansions to construct an asymptotic solution of the viscous Prandtl equations that satisfies the no-slip condition, and we use numerical computations to examine the formation of singularities. The numerical results indicate that the inclusion of y-viscosity typically does not prevent the singularity formation demonstrated in Proposition (3.1) for the inviscid Prandtl equations, unless the viscous solution is monotone.
We consider the pressureless viscous Prandtl equations
If W (y, t) is any solution of the heat equation,
and β(x, t) is an arbitrary smooth function, then
satisfies (4.1)-(4.2). This solution follows from the solutions given in [21] , although it is not written out explicitly there, nor is it used to study singularity formation in the initial-boundary value problem. It may be obtained by an application of the following symmetry transformation of the Prandtl equations
where β(x, t) is an arbitrary function, to the diffusing shear flow solution
See [20] for further exact solutions of the Prandtl equations. If W and β satisfy if β is a solution of the time-dependent PDE
The derivative β x blows up along a characteristic at time t * if
Therefore, provided that W y does not decay too rapidly in time, (4.10) has the same kind of blow up behavior as the time-independent equation (3.4).
In the viscous case, we also have to impose the no-slip condition
which is not satisfied by (4.4) except in trivial cases. When ν is small, we expect that a boundary layer will form near the wall y = 0, and that the above exact solution will provide an asymptotic approximation as ν → 0 to the solution outside the boundary layer, at least before it becomes singular. At leading order in ν, and for t = O(1), we have from (4.3) and (4.7) that W (y, t) ∼ U (y). Thus, the leading order outer solution is identical to the inviscid solution given in Proposition (3.1). We consider the viscous Prandtl equations (1.1) as ν → 0. Using the method of matched asymptotic expansions, we find that the width of the boundary layer is of the order √ ν. The leading order outer solution
satisfies the inviscid Prandtl equations,
when y √ ν. The leading order inner solution
satisfies the full boundary layer equations, In general, this matched asymptotic solution breaks down when the outer solution becomes singular. It follows from the inner equations that
Thus, when a singularity forms in the outer solution and u * x → −∞, the innerỹ-velocityṽ becomes large and positive. This creates a "jet" from the inner layer into the outer layer, which couples the inner and outer solutions. It is then inconsistent to impose the no flow condition v * = 0 on the outer solution at y = 0. Numerical computations show that in some cases this coupling can prevent the formation of a singularity in the outer solution.
In Figures 4.1-4 .2, we show a solution of (1.1) with p ∞ = 0, ν = 0.1, and the initial We impose the boundary condition
instead of the boundary condition u → u ∞ . (Similar results are observed for solutions that approach a given velocity at infinity.) The numerical scheme is the same as the one used for the inviscid equations, except that we discretize the viscous term u yy implicitly in time, and solve a tridiagonal system in y to update u [17] .
In this case, we see the formation of a boundary layer near the wall y = 0 and a jet with relatively large values of v, as predicted by the matched asymptotic solution; but then v decays, and there appears to be a global smooth solution, even though the solution of the corresponding inviscid problem does not remain smooth. For t > 0, the viscous solution for u is monotone in y, so these numerical results are consistent with the global existence result of Xin and Zhang [32] for monotone initial data.
In the nonmonotone case, however, we typically observe the formation an inviscidtype singularity in the numerical solution. In Figure 4 .3, we show a solution of (1.1) with p ∞ = 0, ν = 0.1, and the same initial data as in (3.9), u 0 (x, y) = y + sin 2πx. The result shows the formation of an apparent singularity at x ≈ 0.50, t ≈ 0.16, as for the inviscid solution.
This inviscid mechanism of singularity formation appears to be rather typical. In Figure 4 .4, we show a numerical solution of the cylinder problem studied by van Dommelen and Shen [10] , which consists of (1.1) with the initial and boundary data
We see a jet-like singularity form near the wall y = 0 at x ≈ 1.94, t ≈ 3.0, similar to the one in the previous solution. For larger values of y, the streamlines "cross" the jet, and there is a flow of fluid out to infinity on the left of the jet, and in from infinity on the right of the jet. Our values for the location and time of the formation of a singularity are in excellent agreement with those of van Dommelen and Shen [10] , who found x ≈ 1.942, t ≈ 3.0 using a Lagrangian scheme. (See also [5] , [7] , [24] .)
The linearization of the inviscid Prandtl equations at a shear flow
In this section and the next, we study the well-posedness and stability of the linearization of the inviscid Prandtl equations about a shear flow solution u = U (y), v = 0. The linearization of (2.1)-(2.4) is
Introducing a stream-function ψ(x, y, t) such that
we may write (5.1) as 
4)
where u 0 = ψ 0y . The corresponding solution of (5.1) is given by
Proof. We introduce "Lagrangian" variables
The corresponding "Lagrangian" and "Eulerian" partial derivatives are related by
We also define a Lagrangian streamfunction Ψ by
where Ψ = 0 when Y = 0. We will show that Ψ satisfies (5.12) below, which we can integrate immediately. We write the PDE in (5.3) as
Multiplying this equation by T , rearranging the result, and using (5.7), we find that
Using (5.8) in the left-hand side of (5.10), and integrating the result with respect to Y , we obtain
The function of integration is zero because both ψ and Ψ vanish when Y = 0. Using (5.8) and (5.11) in the left-and right-hand sides of (5.9), respectively, and rewriting the result with the help of 5.7, we find that Ψ satisfies
(5.12)
Integrating this equation, and imposing the initial and boundary conditions, we get that 
In view of this estimate, a natural space in which to consider (5.1) is the space X of functions u :
with norm
Here, we restrict y to a compact interval, which we take to be [0, 1] for definiteness. We may write (5.1) abstractly as
where A : D(A) ⊂ X → X is the closed operator whose action on smooth functions is given by
By making a Galilean transformation in x, we may assume that U (y) > 0 without loss of generality. In that case, we have the following estimate. 
Proof. We consider the equation
for smooth functions f and u that are rapidly decaying in x. Fourier transforming with respect to x, we obtain that
Solving (5.14), we find that
Estimating the right-hand side of this equation, we obtain
The result then follows from Parseval's theorem.
This resolvent estimate is not sufficient to imply that A generates a strongly continuous group in X, and it is clear from (5.5) that it does not unless U is constant.
The spectrum of A is continuous, and consists of the imaginary axis. For k ∈ R and 0 ≤ c < 1, we define 15) where H is the step function
Then u k,c is a generalized eigenfunction of A, which formally satisfies
Hence, −ikU (c) belongs to the approximate spectrum of A.
If we consider A as acting on functions u : T × [0, 1] → C that are periodic in x, where T = R/Z is the torus, then λ 2πn,c belongs to the point spectrum of A when n ∈ Z and c = 0 or U y (c) = 0. The point spectrum of A is embedded in a continuous spectrum, and we show in the next section that these modes dominate the large-time asymptotics of the solution.
Linearized stability of shear flows
In this section, we show that the shear flow solution u = U (y) of the inviscid Prandtl equation is linearly unstable when U has a critical point. Solutions grow algebraically in time, corresponding to an unstable continuous spectrum. 
If U has a single, nondegenerate critical point at y = c > 0, then for y > c
2)
Proof. Fourier transforming (5.4) with respect to x, we find that the Fourier transform ψ with respect to x of the solution ψ of (5.3), is given by
If U is a smooth function with no critical points, then an integration by parts in (6.3) shows that ψ is bounded uniformly in time, and
Differentiating this result with respect to y and using Parseval's identity, we get (6.1). The corresponding solution for u is a superposition of the generalized eigenfunctions u k,0 in (5.15). If U (y) has a nondegenerate critical point at y = c > 0, then an application of the method of stationary phase to (6.3) implies that, when y > c,
where σ = sgn U yy (c). Differentiating this result with respect to y and using Parseval's identity, we get (6.2). The corresponding solution for u is a superposition of the generalized eigenfunctions u k,c . Thus, when U has a nondegenerate critical point, the solution of (5.1) grows like √ t. The growth is faster if U has a degenerate critical point. For example, if U is constant in some interval, then we get linear growth in t, as in the estimate in Proposition (5.2).
The solution for u corresponding to (6.4) is proportional to U y , so it may be interpreted an infinitesimal translation of the unperturbed shear flow in the y-direction. The mechanism of the instability is therefore that v grows, and advects the shear flow (see Figure 6 .1 below). The L 2 x -norm of the "vorticity" ω = u y also grows in time. This growth is the result of the advection of vorticity into the region from y = +∞.
There is a connection between the existence of an instability and the failure of strong well-posedness. The linearized equations (5.1) are invariant under the scaling transformations
As a result, u(k, y, t) depends only on the product kt, and we have a family of solutions of (5.3) of the form
Thus, growth in t implies growth in k, and hence to a loss of x-derivatives. Since the growth in time is algebraic, the problem is weakly well-posed, but not ill-posed with respect to Sobolev norms (as it would be if there were an unstable point spectrum with exponential growth in time). The weak well-posedness of (5.1) means that one has to be careful in determining its stability and well-posedness by the use of approaches that are not based on the solution of the initial value problem. For example, if one "freezes" coefficients in (5.1), and looks for Fourier mode solutions
of the "frozen" equations, then one finds that, for = 0,
This result could suggest -incorrectly -that (5.1) has modes with unbounded growth rates, and hence is ill-posed. It is well-known, however, that the well-posedness of a variable coefficient PDE and the corresponding frozen PDEs need not agree when one of them is weakly well-posed (see e.g. [19] ). In the special case of the exact solution (3.2)-(3.3) of the the inviscid Prandtl equations, we have, for small β, that
Thus, the initial perturbation of u = U (y) is u 0 (x, y) = U y (y)β 0 (x). Since U y (c) = 0, we have u 0 (x, c) = 0, and the coefficient of the algebraically growing term in (6.4) vanishes, consistent with the lack of growth in the exact solution.
To compare this linearized analysis with the behavior of the nonlinear equations, we computed a numerical solution of the inviscid Prandtl equations (2.1)-(2.4) with initial data corresponding to a sinusoidal perturbation of a shear flow This profile has a maximum at y = c, where c = 1/ √ 2.
Using the above analysis, we find that the time-asymptotic behavior of the solution for v of the linearized equations as t → ∞ is
where In Figure 6 .1, we show a numerical solution of the inviscid Prandtl equations (2.1)-(2.4) for the initial data (6.5), and periodic boundary conditions in x. The solution for v at time t = 10 is in good qualitative agreement with the large-time asymptotic solution of the linearized equations in (6.6). The instability consists of a growing recirculation of fluid that enters from y = +∞, turns around, and leaves to y = +∞.
In the numerical solution, we see a power law dependence of the maximum norm of v on t over a range of times 1 ≤ t ≤ 20. From the numerical data, we estimate After longer times, the linearized approximation breaks down, and v grows more rapidly, eventually appearing to develop a singularity similar to the one illustrated in Section 3.
Finally, we consider the effect of viscosity on this instability. By analogy with what is often done in studying the stability of shear flows in fluid mechanics [11] , one could make a "quasi-parallel" assumption and linearize the viscous Prandtl equations with small viscosity about an arbitrary inviscid shear flow solution. The effect of the singular viscous perturbation on the continuous spectrum of the inviscid problem seems difficult to analyze, however, and the errors caused by the quasi-parallel assumption are hard to estimate.
Instead, in Figure 6 .2, we show a numerical solution of the viscous Prandtl equations with ν = 0.1, and the same initial data as for the inviscid solution shown in Figure 6 .1. The resulting solution is a perturbation of the exact diffusing shear flow solution given by (4.3), (4.6). The diffusion of the shear profile in Figure 6 .2, from a width of aproximately 2 at t = 0 to a width of approximately 5 at t = 10, is significant. Nevertheless, we see a similar instability to the inviscid one. In fact, the growth of v is faster than in the inviscid case. 
Conclusion
We have solved the inviscid Prandtl equations by the method of characteristics, presented a simple explicit solution that forms a singularity in finite time, and shown that the same type of singularity appears to occur in solutions of the viscous Prandtl equations. Once singularites form, we see a similar phenomenon to the delta-shocks that arise in solutions of some hyperbolic conservation laws.
We have also explicitly solved the linearization of the inviscid Prandtl equations about a shear flow. The resulting equations are weakly, but not strongly, well-posed, and have a continuous spectrum which is unstable when the unperturbed shear flow profile has a critical point. This behavior contrasts with that of the Euler equations, whose linearization about a shear flow has a stable continuous spectrum.
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